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The mesoscopic properties of a plasma in a cylindrical magnetic field are investigated from the view point
of test-particle dynamics. When the system has enough time and spatial symmetries, a Hamiltonian of a test
particle is completely integrable and can be reduced to a single degree of freedom Hamiltonian for each ini-
tial state. The reduced Hamiltonian sometimes has unstable fixed points (saddle points) and associated sep-
aratrices. To choose among available dynamically compatible equilibrium states of the one particle density
function of these systems we use a maximum entropy principle and discuss how the unstable fixed points
affect the density profile or a local pressure gradient, and are able to create a steep profile that improves
plasma confinement.
Being able to sustain a steep density profile in hot mag-
netized plasma is one of the major key points to achieve
magnetically confined fusion devices. These steep profiles
are typically associated with the emergence in the plasma
of so-called internal transport barriers (ITB) [1, 2]. Both the
creation and study of these barriers have generated numer-
ous investigations mostly numerical using either a fluid, or
magnetic field or kinetic perspective or combining some of
these. In this paper starting from the direct study of particle
motion, we propose a simple mechanism to set up a steep
profile which may not have been fully considered yet. In-
deed, charged particle motion in a non-uniform magnetic
field [3–9] is one of main classical issues of physics of plas-
mas in space or in fusion reactors. To tackle this problem
the guiding center [7] and the gyrokinetic [8] theories are
developed to trace the particle’s slower motion by averag-
ing the faster cyclotron motion. These reductions suppress
computational cost and they are widely used to simulate the
magnetically confined plasmas in fusion reactors [6]. These
reduction theories assume existence of an invariant or an
adiabatic invariant of motion associated with the magnetic
moment. Meanwhile, this assumption does not always hold
true. Then, recently, studies on full particle orbits without
any reductions are done to look into phenomena ignored
by these reductions and to interpolate the guiding center or-
bit. There exists a case that a guiding center trajectory and
a full trajectory are completely different [10]. Further, it is
found that the assumption of the invariant magnetic mo-
ment breaks [11, 12] due to the chaotic motion of the test
particles.
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Let us quickly review the single particle motion and adia-
batic chaos. We consider a model of charged particle mov-
ing in a non-uniform cylindrical magnetic field B(r ) = ∇∧
A0(r ). The vector potential A0(r ) is given by
A0(r )= B0r
2
eθ−B0F (r )ez , F (r )=
∫ r
0
rdr
Rperq(r )
, (1)
where the cylinder is parametrized with the coordinate
(r,θ,z), B0 is strength of the magnetic field, z has 2piRper-
periodicity, eθ and ez are basic units for each direction, and
q(r ) is a winding number called a safety factor of magnetic
field lines. The Hamiltonian of the particle H = ‖v‖2/2,
where v denotes particle’s velocity, has three constants of
motion, the energy, the angular momentum, and the mo-
mentum, associated with time, rotational, and translational
symmetry of the system respectively, so that the Hamilto-
nian H on the six dimensional phase space is reduced into
the single-degree-of-freedom Hamiltonian on the two di-
mensional phase space, (r,pr )-plane [11, 12],
Heff(r,pr )= p2r /2+Veff(r ),
Veff(r )=
v2
θ
+ v2z
2
=
(
pθr
−1−B0r /2
)2
2
+ (pz +B0F (r ))
2
2
.
(2)
where pi stands for the conjugate momentum for i = r , z,
and θ respectively, and where vθ = r θ˙ and vz = z˙. The up-
per dot denotes d/dt . Invariants pz and pθ are fixed by the
initial condition of the particle in the 6-dimensional phase
space. Appropriately setting the safety factor q and choos-
ing initial condition, we can find an unstable fixed point in
(r,pr ) phase plane, which can induce the adiabatic chaos
[13–17] when the weak magnetic perturbation or the curva-
ture effect added to the flat torus (cylinder) exist[11, 12].
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2This Letter aims to exhibit one possibility that the un-
stable fixed point inducing chaotic motion modifies meso-
scopic properties of plasmas, local density and pressure
gradients which are believed to be associated with the in-
ternal transport barriers (ITBs) [1, 2] a feature missed by
gyrokinetics, or a pure magneto-hydrodynamic approach.
For this purpose, we shall compute an equilibrium radial
density function ρ(r ) from stationary kinetic distribution.
When neglecting the feedback on the fields of the motion
of the particles governed by the Hamiltonian (2) comput-
ing a stationary state of an ensemble of particles, i.e. a
stationary one-particle density function, resumes to find a
density function f0 on the phase space, which commutes
with Hamiltonian (2). Since the motion is integrable, these
solutions correspond after a local change to action-angle
variables to functions depending only on the actions of
the Hamiltonian with a uniform distribution of the asso-
ciated angles (see for instance for a similar situation [23]).
As a consequence, there exist infinitely many steady states.
In order to choose one, we may assume a vanishing col-
lisionality, and consider that the one maximizing the in-
formation entropy under suitable constraint conditions is
picked out [22, 24]. In principle, we should consider a
Vlasov-Maxwell system consisting of the collisionless Boltz-
mann equation describing a temporal evolution of single
particle density functions of ions and electrons, coupled
with the Maxwell equation determining a self-consistent
electro-magnetic field [20, 21], when neglecting the self-
consistency we notably neglect electrons (their presence in-
sures a neutralizing background, and the current to get the
right poloidal component of magnetic field), inter-particle
interactions, radiation from moving charged particles and
back reaction from the electro-magnetic field. As such we
are looking for a steady state of a truncated Vlasov-Maxwell
system with an ion moving in a static magnetic field. In this
setting we qualitatively discuss which kind of vector poten-
tials F (r ) or q-profiles are likely to bring about the unsta-
ble fixed point for the test particle motion. Then, we look
into the effect of the unstable fixed point for the density pro-
file and the local-pressure gradient. We shall end this Letter
by remarking the relation between the steep density profile
(particle’s ITBs) and the magnetic ITBs [18, 19].
Among the different stationary distributions, let us now
compute the general form of f0 which maximizes the in-
formation entropy (also called a density of the Boltzmann
Gibbs. The Boltzmann’s constant kB is set as unity. We thus
have to maximize the functional
S [ f ]=−
Ï
µ
f ln f d3pd3q, (3)
subject to the normalization condition (conservation of the
number of particles) and energy, momentum, and angular
momentum conservations, which are respectively
N [ f ]=
Ï
µ
f d3pd3q, E [ f ]=
Ï
µ
Heff f d
3pd3q,
P [ f ]=
Ï
µ
pz f d
3pd3q, L [ f ]=
Ï
µ
pθ f d
3pd3q,
(4)
where the integral
Î
µ •d3pd3q means average over the
six dimensional single particle phase space, noted here µ-
space. The solution to this variational problem is
f0 = e−βHeff−γ1−γθpθ−γzpz (5)
where β, γ1, γθ, and γz are the Lagrangian multipliers, as-
sociated with energy conservation, normalization, momen-
tum and angular momentum conditions respectively. The
parameter β corresponds to the thermodynamical temper-
ature as
T−1th ≡β= δS /δE , (6)
and it can be safely assumed positive. It should be noted
that−γθ and−γz are proportional to the ensemble averages
of vθ and vz respectively. In the literature is has been admit-
ted that when an ITB exists plasma rotation exists. We then
expect that in such state the averages of vθ and vz are not
0 and so are γθ and γz . The spatial density function n(q) is
deduced from this result as
n(q)≡
∫
f0d
3p=
∫
f0r
−1dpθdpzdpr . (7)
Thus, the density n(r )d3q is proportional to
n(q)rdrdθdz∝ e
(
γθ
2
(
−B0− γθβ
)
r 2+γzB0F (r )
)
rdrdθdz, (8)
and is independent of θ and z. We then obtain a radial den-
sity function ρ(r ) given by
ρ(r )=
Î
n(q)rdθdzÎ
rdθdz
= 1
4pi2rRper
Ï
n(q)rdθdz, (9)
as
ρ(r )= exp
(−ar 2−bF (r ))∫∞
0 exp
(−ar 2−bF (r ))dr ,
a = γθ
2
(
B0− γθ
β
)
, b =−γzB0.
(10)
We can notice from Eq.(10) that the equilibrium profile is
not flat as soon as γθ is not zero and that it depends on the
poloidal magnetic field configuration when γz 6= 0. Given
the definitions, this means as soon as the plasma moves the
profiles are not flat. Since we are considering an equilib-
rium configuration, we may as well end up with a non-flat
temperature profile, but here we have to consider the local
radial kinetic temperature of the particles rather than the
thermodynamic one (6), so this would correspond to the av-
erage of the energy at constant radius. In the same spirit as
for the density we can compute the spatial energy density
function ε(q) is deduced from this result as
ε(q)≡
∫
f0Heffd
3p=
∫
f0Heffr
−1dpθdpzdpr . (11)
Thus, we notice that
ε(q)=−∂n(q)
∂β
(12)
3so the kinetic temperature profile T (r ) is proportional to
ρ(r ). In the same spirit it should be noted that the local pres-
sure P (r ) is proportional to the radial density ρ(r ), because
we assume the equation of state P (r ) = Nρ(r )Tth holds lo-
cally true, where N is the number of particles and here we
consider the equilibrium temperature Tth.
We now move on and consider how the existence of the
unstable fixed points with relevant energy level affects the
obtained equilibrium density profile. For this purpose we
have to discuss how the safety factor is chosen, in other
words which function F in Eq. (1) leads to the emergence of
“practical” unstable points in the effective potentialVeff. In-
deed, as a first point to pin out, if the amplitude of F is large,
we can expect that the term v2z/2= (pz+F )2/2 in the Hamil-
tonian (2) becomes also large, then the unstable points ap-
pear in the phase space at so high energy level that they be-
come physically irrelevant. Therefore, the amplitude of F
should be small.
Moreover if the variations of F (r ) are smooth and “gen-
tle” with r , so does again (pz + F )2/2 in Veff, then Veff has
only one minimum point that is essentially governed by the
term (pθ/r − B0r /2)2/2. Thus, enough concavity of v2z/2
near but not at the minimum point of (pθ/r − B0r /2)2/2,
r =√2pθ/B0 is necessary so that Veff has unstable points.
These considerations are illustrated in Fig. 1. In the panel
(d), we assume that there exists an r such that pz +F (r )= 0.
We stress out as well that if |pz | is sufficiently large, it is also
possible to create an unstable point, but then again the en-
ergy level is so high that it is irrelevant for the mesoscopic
profiles in considered plasmas.
Given the obtained density profile (10), we can notice that
a sudden fast variation of the function F , will lead to strong
variations of the profile, as long as r is not too large, for in-
stance a step like profile should translate in a steep profile.
With this in mind, since this effect is present if γz , related
to the average velocity along the cylinder axis, we may ex-
pect that in the context of magnetic fusion with machines
with large aspect ratios the presence of zonal flows along
the toroidal direction is important to increase confinement.
Going back to our simple model, since the safety factor q(r )
can be directly associated with the function F (r ) at the ori-
gin of the unstable fixed points, and q(r ) is a crucial pa-
rameter for the operation of magnetized fusion machine, let
us discuss more how the constraints discussed previously
translate on the q-profile. For instance let us consider a sit-
uation with a non-monotonous profile such that q(r ) has a
minimum q0 at r = α and the spatial scale is characterized
with λ. Then locally q(r ) can be expressed as
q(r )= q0
[
1+λ2(r −α)2] , r ∼α. (13)
Recalling Eq. (1), the function F is scaled as q−10 λ
−1, and
v2z/2 = (pz + F )2/2 ∼ q−20 λ−2, so that this provides a typ-
ical energy level of the particles located near a separatrix.
It should be noted that the width of the well of v2z/2 scales
as λ−1 (see Fig. 1). For a fixed value of q0, a large value of
λ creates unstable fixed points with relevant energy levels
for the particle whose angular momentum is pθ ∼ B0α2/2.
As λ gets to be larger, the number of the particles with un-
F
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FIG. 1. Schematic picture showing how the saddle point appears
around the bottom of safety factors. A Panel (a) represents a part
of v2
θ
/2= (pθ/r −B0r /2)2/2, (b) Veff, (c) F (r ), and (d) v2z/2= (pz +
F (r ))2/2. In the panel (d), we consider that there exists an r such
that pz+F (r )= 0. The parameters q0, λ, andα are associated with
Eq. (13).
stable fixed point increase. This is because, roughly speak-
ing, the energy levels of unstable points get to be lower, and
the one-particle density (5) is proportional to e−βHeff . As a
consequence of these considerations we illustrate on Fig. 2
how to adjust a given q-profile in order to create unstable
fixed points whose location is r ∼ α. One can set up unsta-
ble fixed point around r ∼ α by modifying the q-profile so
that it has concavity around r =α.
We then have a form of density profile (10) and a condi-
tion for q-profile exhibiting unstable fixed points. We next
consider where the unstable points appear, and we shall ex-
hibit that the emergence of unstable fixed points induces
the presence of a local steep profile in their vicinity, i.e. their
radial positions are inducing the existence of locally strong
density gradients. For this purpose we simply consider the
q-profile given by Eq. (13) with parameters q0 = 0.12,λ= 55,
and α =p0.18 ' 0.4243, in Figs. 3. When including pertur-
bations, we point out that the adiabatic chaos due to sep-
aratrix crossing in this magnetic field has been discussed
in Ref. [11]. The results are displayed in Fig. 3, where two
density profiles (10) obtained for two q-profiles with and
without unstable fixed points are shown. The parameter
a is changed so that they have same density in the center
of cylinder. We note a can be changed keeping the ther-
modynamical temperature β−1 and changing the average
of angle velocity vθ. We find the steep region which corre-
sponds to the local steep density gradient around r = α on
which q(r ) satisfies q ′(r )= 0 for the q-profile with unstable
points. Going further on, reasoning directly with a q-profile
4q(r)
r
α
q0
= 55
= 2
(a)
(b)
FIG. 2. Schematic picture exhibiting how to create unstable fixed
point by modifying q-profile. The solid curve represents the given
q-profile. Dotted and bold curves are the graph of q0(1+λ2(r−α)2)
for q0 = 0.12, α =
p
0.18 and λ = 2,55 respectively. The q(r ) with
λ= 55 induces the unstable fixed points, so does not one with λ=
2. (a) and (b) correspond respectively to the q-profiles without and
with unstable fixed points.
r
or
P
10
λ=2,   =0.4, b=1
λ=55, =4,    b=1
FIG. 3. (Color online) The solid and dotted curves express the
density profiles with q-profiles with unstable points (shaded re-
gion) and without unstable points respectively. The parameters
in a local q-profile [Eq. (13)] are determined as q0 = 0.12, and
α = p0.18 ' 0.4243, and λ = 55 for the solid curve and λ = 2 for
the dotted one. In both profiles, γz and β are same, but γθ is dif-
ferent.
may lead to some physical problems. For a given magnetic
configuration inspired from a tokamak, the toroidal compo-
nent of the magnetic field is generated by the current within
the plasma. In the large aspect ratio (cylindrical) limit, this
readily gives a r dependence of the current
j (r )= 1
r
∂
∂r
(
r
∂F
∂r
)
. (14)
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FIG. 4. (Color online) Effective potential for F (r ) = F0 J2(λr ). An
Unstable point appears as expected around r0 = 0.6. Here we
choose the parameters as F0 = 1, pθ = 0.5, pz = 1, B0 = 4.
When looking at the current profile given by the q-profile
giving rise to Fig. 3, we end up with two different region
one, with a negative current for r sufficiently large, and one
with a positive one for small r . This is likely to be physically
not realistic. Eventhough it may have appeared as possible,
the actual stability of these configuration is doubtful, see for
instance [29–31] .In order to generate a profile that could
be more physically relevant, we may have again a look at
Eq. (10). We can notice that a “steep” variation of the func-
tion F (r ) will likely trigger a steepness in the density profile.
Taking into account Eq. (14), we can look for profiles that
can achieve this variation while keeping a positive current.
Given the form of Eq. (14), it appears as simpler to look for
just one Bessel function of the first kind F = F0 Jν(λr ) and
to create only one separatrix, we consider the case when
no plasma current is present, then the minimum of the ef-
fective potential (2) is located at r0 such that pθ = B0r 20 /2.
Given the expression (14), and our choice of F , expecting
some current in r = 0, implies that ν= 2, we adjust λ to keep
a positive current up to R = 1, which leads to λ= 1/r1, with
r1 being the first zero of J2(r ). The shape of J2, leads to ex-
pect a maximum near r = 1/2 for F , so we can expect that
by tuning the parameters a and b, we will capture many r0’s
(for the different pθ’s), giving rise to regions in phase space
with separatices that have non-negligible statistical weights.
An illustration of possible obtained profiles are depicted in
Fig. (5).
Before concluding this letter we would like to make some
remarks on the observed profiles which indicate the pres-
ence of what we may call an ITB although the underlying
physical mechanisms are quite different. We would like to
stress out the similarities our observations and the magnetic
ITBs discussed for instance in [19]. One of the main differ-
ence is that if the plateau of q(r ) appears the transport bar-
rier emerges even if the value of q is far from rational num-
ber m/n with small integers m and n, in that sense the cre-
ation of the barrier with the q-profile (13) is not correlated
to the existence of a resonant surface, on the other hand for
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FIG. 5. (Color online) Top: The gray(red) and black curves express
the density profiles with only one unstable point. Bottom: same
current profile for both configurations. The parameters are F0 = 1,
a = b = 10 for the gray(red) curve F0 = 1, a = 10, b = 0 for the black.
the considered example, we can notice that the location of
the magnetic ITB coincides with the place on which the lo-
cal density gradient exists.
Another study between the particle’s motion and the ex-
istence of an ITB using a pure field line approach and the
existence of a stable magnetic tori has been performed from
the view point of the difference between the magnetic wind-
ing number q(r ) and the effective one qeff(r ) for the guid-
ing venter orbit of the energetic particles [25]. In a recent
study [26], it is shown that the resonance shift due to the
grad B drift and its disappearance due to the curvature drift
effect can create an invariant tori in the particle dynamics
while there are none for magnetic field lines, and this is con-
firmed both analytically and numerically with the full par-
ticle orbits around the resonance points. It should be re-
marked that the guiding center theory is useless to clarify it
unlike Ref. [26].
The above consideration provides de facto another dif-
ference between the magnetic ITB and the effective ITB in-
duced by the separatrices. Moreover, we can stress out that
the magnetic ITB is present in both situations described in
Fig. 3, while the steep profile occurs only when the hyper-
bolic points are present. When considering the degenerate
q-profile we also note that the two unstable fixed points ap-
pear around the magnetic ITB and when the parameter λ in
Eq. (13) gets to be large, the steep region of ρ(r ) gets to be
strong as the influence of the separatrix grows because the
gap of F (r ) between r < α and r > α becomes smaller (see
Fig. 1).
To conclude, we have shown in this letter that steep equi-
librium density profiles can emerge due to the presence of a
separatrix in the passive particle orbits, this phenomenon is
not related to the existence of a local resonant surface and
the observed phenomenon is reminiscent of the presence
of an ITB although the physical mechanisms inducing it are
a priori quite different in interpretation. We also discussed
how the q-profile can be tuned in order to generate such
barriers.
We finally remark on what happens if we consider a
toroidal configuration. Let us imagine our cylindrical sys-
tem is an infinite toroidal radius limit of the toroidal system
as Ref. [12]. The finite toroidal radius effect breaks the inte-
grability and it thus can induces adiabatic chaos. It has been
known for a while that the presence of chaos affects some-
times the density profile locally. For instance, the averag-
ing effect in plasmas from the global chaos induced by the
resonance overlapping [27] has been found and it modifies
the density profile [28]. Even though we are directly tack-
ling the passive particle motions of ions and thus a differ-
ent type of localized chaos in this letter, similar things can
be expected. In the present case the unstable fixed points
are located around the place in which the steepness of den-
sity (10) and the local pressure gradient exist as shown in
Fig. 3. Therefore the flattening effect makes them steeper
locally. As a result we can expect that this steepening effect
observed in the cylindrical configuration can be robust at
least as long as strongly chaotic motion remains localized
near each hyperbolic point.
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